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Abstrat
In the general geometri setup for sympleti eld theory the ontat
manifolds an be replaed by mapping tori Mφ of sympleti manifolds
(M,ω) with sympletomorphisms φ. While the ylindrial ontat homology
of Mφ is given by the Floer homologies of powers of φ, the other algebrai
invariants of sympleti eld theory for Mφ provide natural generalizations
of sympleti Floer homology. For sympletially aspherial M and Hamil-
tonian φ we study the moduli spaes of rational urves and prove a transver-
sality result, whih does not need the polyfold theory by Hofer, Wysoki
and Zehnder. We use our result to ompute the full ontat homology of
Mφ ∼= S
1
×M .
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1 Introdution and main results
1.1 Sympleti eld theory in the Floer ase
This paper is onerned with sympleti eld theory in the Floer ase. Sympleti
eld theory (SFT) is a very large projet designed to desribe in a unied way
the theory of holomorphi urves in sympleti and ontat topology. To be
more preise, it approahes Gromov-Witten theory in the spirit of a topologial
quantum eld theory by ounting holomorphi urves in ylinders over ontat
manifolds and sympleti obordisms between them. It was initiated by Eliash-
berg, Givental and Hofer in their paper [EGH℄ and sine then has found many
striking appliations in sympleti geometry and beyond. While most of the
urrent appliations lie in nding invariants for ontat manifolds, there exists a
generalized geometri setup for sympleti eld theory, whih ontains ontat
manifolds as speial ase.
Following [BEHWZ℄ and [CM2℄ a Hamiltonian struture on a losed (2m− 1)-
dimensional manifold V is a losed two-form ω on V whih is maximally
nondegenerate in the sense that kerω = {v ∈ TV : ω(v, ·) = 0} is a one-
dimensional distribution. Note that here we (and [CM2℄) dier slightly from
[EKP℄. The Hamiltonian struture is required to be stable in the sense that
there exists a one-form λ on V suh that kerω ⊂ ker dλ and λ(v) 6= 0 for all
v ∈ kerω − {0}. Any stable Hamiltonian struture (ω, λ) denes a sympleti
hyperplane distribution (ξ = kerλ, ωξ), where ωξ is the restrition of ω, and a
vetor eld R on V by requiring R ∈ kerω and λ(R) = 1 whih is alled the Reeb
vetor eld of the stable Hamiltonian struture.
Examples for losed manifolds V with a stable Hamiltonian struture (ω, λ) are
ontat manifolds, irle bundles and mapping tori ([BEHWZ℄,[CM2℄). For this
note that when λ is a ontat form on V , then it is easy to hek that (ω := dλ, λ) is
a stable Hamiltonian struture and the sympleti hyperplane distribution agrees
with the ontat struture. For the other two ases, let (M,ω) be a sympleti
manifold. Then any prinipal irle bundle S1 → V → M and any sympleti
mapping torus M → V → S1, i.e., V = Mφ = R×M/{(t, p) ∼ (t + 1, φ(p))}
for φ ∈ Symp(M,ω) arries also a stable Hamiltonian struture. For the irle
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bundle the Hamiltonian struture is given by the pullbak π∗ω under the bundle
projetion and the one-form λ is given by any S1-onnetion form. On the other
hand, the stable Hamiltonian struture on the mapping torus V = Mφ is given
by lifting the sympleti form to ω ∈ Ω2(Mφ) via the natural at onnetion
TV = TS1 ⊕ TM and setting λ = dt for the natural S1-oordinate t on Mφ.
While in the mapping torus ase ξ is always integrable, in the irle bundle ase
the hyperplane distribution ξ may be integrable or non-integrable, even ontat.
Sympleti eld theory assigns algebrai invariants to losed manifolds V
with a stable Hamiltonian struture. The invariants are dened by ounting
J-holomorphi urves in R×V with nite energy, where the underlying losed
Riemann surfaes are expliitly allowed to have puntures, i.e., single points
are removed. The almost omplex struture J on the ylindrial manifold
R×V is required to be ylindrial in the sense that it is R-independent, links
the two natural vetor elds on R×V , namely the Reeb vetor eld R and
the R-diretion ∂s, by J∂s = R, and turns the sympleti hyperplane distri-
bution on V into a omplex subbundle of TV , ξ = TV ∩ JTV . It follows
that a ylindrial almost omplex struture J on R×V is determined by its
restrition Jξ to ξ ⊂ TV , whih is required to be ωξ-ompatible in the sense
that ωξ(·, Jξ·) denes a metri on ξ. Note that in [CM2℄ suh almost om-
plex strutures J are alled ompatible with the stable Hamiltonian struture
and that the set of these almost omplex strutures is non-empty and ontratible.
While the puntured urves in sympleti eld theory may have arbitrary
genus and arbitrary numbers of positive and negative puntures, it is shown in
[EGH℄ that there exist algebrai invariants ounting only speial types of urves:
While in rational sympleti eld theory one ounts puntured urves with genus
zero, ontat homology is dened by further restriting to puntured spheres
with only one positive punture. Further restriting to spheres with both just
one negative and one positive punture, i.e., ylinders, the resulting algebrai
invariant is alled ylindrial ontat homology. Note however that ontat
homology and ylindrial ontat homology are not always dened. In order to
prove the well-denedness of (ylindrial) ontat homology it however sues
to show that there are no puntured holomorphi urves where all puntures
are negative (or all puntures are positive). While the existene of holomorphi
urves without positive puntures an be exluded for all ontat manifolds using
the maximum priniple, whih shows that ontat homology is well-dened for all
ontat manifolds, it an be seen from homologial reasons that for mapping tori
Mφ there annot exist holomorphi urves in R×Mφ arrying just one type of
puntures, whih shows that in this ase both ontat homology and ylindrial
ontat homology are dened.
Sympleti eld theory hene provides a wealth of invariants. However, almost
all omputations performed so far only use the simplest one, ylindrial ontat
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homology: While ylindrial ontat homology is omputed e.g. for subritial
Stein-llable ontat manifolds ([Y1℄), Brieskorn varieties ([K℄) and toroidal three-
manifolds ([BC℄), omputations of the higher invariants are performed so far only
for overtwisted ontat manifolds in [Y2℄ and skethed in [EGH℄ for prequantiza-
tion spaes and in [CL℄ for unit otangent bundle of tori.
1.2 Main theorem and outline of the proof
While it an be seen that the ylindrial ontat homology for mapping tori Mφ
agrees with the Floer homology of the powers of φ, i.e., the subomplex for the
period T ∈ N agrees with the Floer homology of φT , the other algebrai invariants
of sympleti eld theory, in partiular, the full ontat homology, provide natural
generalizations of sympleti Floer homology. While Floer homology for Hamilto-
nian sympletomorphisms over a suitable oeient ring is known to be isomorphi
to the tensor produt of the singular homology with rational oeients of the un-
derlying sympleti manifold with the graded group algebra Q[H2(M)] generated
by H2(M),
Q[H2(M)] = {
∑
q(A)eA : A ∈ H2(M), q(A) ∈ Q}, deg e
A = 〈c1(TM), A〉,
the ase of arbitrary sympletomorphisms is muh more ompliated, see [CC℄
and the referenes therein. So we restrit our attention to the Hamiltonian ase,
where the sympletomorphism φ is Hamiltonian, i.e., the time-one map of the
sympleti ow of a Hamiltonian H : S1 ×M → R. In this ase the Hamiltonian
ow φH provides us with a natural dieomorphism Mφ ∼= S1 ×M , so that we an
replae Mφ by S
1 ×M equipped with the pullbak stable Hamiltonian struture
(ωH , λH) on S1×M given by ωH = ω+ dH ∧ dt, λH = dt with sympleti bundle
ξH = TM and Reeb vetor eld RH = ∂t + X
H
t , where X
H
t is the sympleti
gradient of Ht = H(t, ·). In [EKP℄ this is also alled the Floer ase. Furthermore
(R×Mφ, J) an be identied with (R×S1 ×M,J
H) equipped with the pullbak
ylindrial almost omplex struture, whih is nonstandard in the sense that the
splitting T (R×S1 ×M) = R2⊕TM is not JH -omplex. Let HC∗(Mφ, J) denote
the ontat homology of the sympleti mapping torusMφ with hosen ylindrial
almost omplex struture J on R×Mφ.
Main Theorem 1. Let (M,ω) be a losed sympleti manifold, whih is sym-
pletially aspherial, 〈[ω], π2(M)〉 = 0, and let φ : M → M be a Hamiltonian
sympletomorphism. Then we have
HC∗(Mφ, J) ∼=
(⊕
N
H∗−2(M,Q)
)
⊗Q[H2(M)],
where is the graded symmetri algebra funtor.
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For the proof we observe that the ylindrial almost omplex struture JH on
R×S1×M is speied by the hoie of an S1-family of almost omplex strutures
Jt on M and an S
1
-dependent Hamiltonian H : S1 ×M → R. In order to get
an S1-symmetry on moduli spaes of urves with three or more puntures, we
restrit ourselves to almost omplex strutures Jt and Hamiltonians Ht, whih
are independent of t ∈ S1, so that only holomorphi ylinders need to be ounted
for the dierential in ontat homology.
We ahieve transversality for all moduli spaes by onsidering domain-
dependent Hamiltonian perturbations. This means that, for dening the
Cauhy-Riemann operator for urves, we allow the Hamiltonian to depend
expliitly on points on the puntured sphere underlying the urve whenever
the puntured sphere is stable, i.e., there are no nontrivial automorphisms,
where we follow the ideas in [CM1℄. Note however that in ontrast to the
Gromov-Witten ase we now have to make oherent hoies for the dierent
moduli spaes simultaneously, i.e., the dierent Hamiltonian perturbations must
be ompatible with gluing of urves in sympleti eld theory. For the ylindrial
moduli spaes the Hamiltonian perturbation is domain-independent, and it is
known from Floer theory that in general we must allow H to depend expliitly
on t ∈ S1 to ahieve nondegeneray of the periodi orbits and transversality
for the moduli spaes of Floer trajetories. However, the gluing ompatibility
requires that also the Hamiltonian perturbation for the ylindrial moduli spaes
is independent of t ∈ S1. We solve this problem by onsidering Hamiltonians
H , whih are so small in the C2-norm that all orbits are ritial points of
H and all ylinders between these orbits orrespond to gradient ow lines
between the underlying ritial points. Note however that we annot ahieve
this with a single Hamiltonian funtion, but have to resale the funtion de-
pending on the period T ∈ N, whih in turn implies that we have to ompute
the ontat homology using an innite sequene of dierent Hamiltonian funtions.
Observe that the losed orbits of the Reeb vetor eld RH on S1 ×M have
integer periods, where the set of losed orbits of period T ∈ N is naturally
identied with the T -periodi orbits of XH on M . It follows that the hain
omplex (A, ∂) for ontat homology naturally splits, A =
⊕
T∈N A
T
, where A
T
is generated by all monomials q(x1,T1)...q(xn,Tn), with Ti-periodi orbits (xi, Ti)
and T1 + ... + Tn = T , and it is easily seen from homologial reasons that this
splitting is respeted by the dierential ∂. Furthermore, given two dierent
Hamiltonian funtions H1, H2 : S
1 × M → R the orresponding hain map
Φ : (A1, ∂1) → (A2, ∂2), dened as in [EGH℄ by ounting holomorphi urves in
R×S1 ×M equipped with a non-ylindrial almost omplex struture JH˜ , whih
itself an be dened using a homotopy H˜ : R×S1 ×M → R from H1 to H2, also
respets the splittings A1 =
⊕
T∈N A
T
1 , A2 =
⊕
T∈N A
T
2 .
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Let TN ∈ N be a sequene of (maximal) periods with TN ≤ TN+1 and
limN→∞ TN = ∞ and let HN : S1 ×M → R, N ∈ N be a sequene of Hamil-
tonians with orresponding hain omplexes (AN , ∂N ), N ∈ N. Assume that for
every N ∈ N we have dened a hain map ΦN : (AN , ∂N) → (AN+1, ∂N+1) using
a homotopy H˜N : R×S1 ×M → R interpolating between HN and HN+1, whih
by the above arguments restrits to a map from A
T
N to A
T
N+1 for every T ∈ N.
Dening
HC≤TN∗ (S
1 ×M,JHN ) = H∗(A
≤TN
N , ∂N ) =
⊕
T≤TN
H∗(A
T
N , ∂N )
we obtain a direted system (CN ,ΦN,M ) with CN = HC
≤TN
∗ (S
1 ×M,JHN ) and
ΦN,M = ΦN ◦ΦN+1 ◦ ... ◦ΦM−1 ◦ΦM for N ≤M . Setting TN = 2N we prove the
main result by showing that for every S1-independent Hamiltonian H : M → R,
whih is suiently small in the C2-norm and Morse, there is an isomorphism
lim
N→∞
HC≤2
N
∗ (S
1 ×M,JH/2
N
) ∼=
(⊕
N
H∗−2(M,Q)
)
⊗Q[H2(M)].
This paper is organized as follows.
While we prove in 2.1 all the fundamental results about pseudoholomorphi
urves in Hamiltonian mapping tori, subsetion 2.2 is devoted to explaining the
entral ideas of the proof the main theorem, namely how we get an S1-symmetry
on all moduli spaes of domain-stable urves, but still have nondegeneray for the
losed orbits and transversality for all moduli spaes. We ollet all the important
results about the moduli spaes in theorem 2.6. After realling the denition
of the Deligne-Mumford spae of stable puntured spheres in 3.1, we dene the
underlying domain-dependent Hamiltonian perturbations in 3.2 and prove in
3.3 that the onstrution is ompatible with the SFT ompatness theorem.
After desribing in detail the neessary Banah manifold setup for our Fredholm
problems in 4.1, we prove in 4.2 the fundamental transversality result for the
Cauhy-Riemann operator. Sine all our results only hold up to a maximal period
for the asymptoti orbits, i.e., we have to resale our Hamiltonian perturbation
during the omputation of ontat homology in setion 6, we generalize all our
previous results to homotopies of Hamiltonian perturbations in 5.1 and 5.2. After
desribing the hain omplex underlying ontat homology in 6.1, we prove the
main theorem using our previous results about moduli spaes of holomorphi
urves in R×S1 ×M .
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2.1 Holomorphi urves in R×S1 ×M
Let (M,ω) be a losed sympleti manifold and let φ be a sympletomorphism
on it. As already explained in the introdution, the orresponding mapping torus
Mφ = R×M/{(t, p) ∼ (t+1, φ(p))} arries a natural stable Hamiltonian struture
(ω, λ) given by lifting the sympleti form ω to a two-form on Mφ via the at
onnetion TMφ = TS
1⊕TM and setting λ = dt. It follows that the orresponding
sympleti vetor bundle ξ = kerλ is given by TM and the Reeb vetor eld R
agrees with the S1-diretion ∂t on Mφ. In this paper we restrit ourselves to the
ase where 〈[ω], π2(M)〉 = 0 and φ is Hamiltonian, i.e., the time-one map of the
ow of a Hamiltonian H : S1×M → R. In this ase observe that the Hamiltonian
ow φH provides us with the natural dieomorphism
Φ : S1 ×M
∼=
−→Mφ, (t, p) 7→ (t, φ
H(t, p)),
so that we an replae Mφ by S
1 × M equipped with the pullbak stable
Hamiltonian struture.
Proposition 2.1. The pullbak stable Hamiltonian struture (ωH , λH) on S1×M
is given by
ωH = ω + dH ∧ dt, λH = dt
with sympleti bundle ξH and Reeb vetor eld RH given by
ξH = TM, RH = ∂t +X
H
t ,
where XHt is the sympleti gradient of Ht = H(t, ·).
Proof: Using
dΦ = (1, XHt ⊗ dt+ dφ
H
t ) : TS
1 ⊕ TM → TS1 ⊕ TM
we ompute for v1 = (v11, v12), v2 = (v21, v22) ∈ TS
1 ⊕ TM ,
ωH(v1, v2) = ω(dΦ(v1), dΦ(v2))
= ω((XHt ⊗ dt)(v11) + dφ
H
t (v12), (X
H
t ⊗ dt)(v21) + dφ
H
t (v22))
= ω(XHt , X
H
t )dt(v11)dt(v21) + ω(dφ
H
t (v12), dφ
H
t (v22))
+ω(XHt , dφ
H
t (v22))dt(v11) + ω(dφ
H
t (v12), X
H
t )dt(v21)
= ω(v12, v22) + ω(dφ
H
t (v12), X
H
t )dt(v21)− ω(dφ
H
t (v22), X
H
t )dt(v11)
= ω(v1, v2) + (dH ∧ dt)(v1, v2)
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and λH = λ ◦ dΦ = dt. On the other hand, it diretly follows that ξH = TM ,
while RH = ∂t −XHt spans the kernel of ω
H
,
ωH(·, RH) = ω(·, ∂t −X
H
t ) + dH · dt(∂t +X
H
t )− dH(∂t +X
H
t ) · dt
= −ω(·, XHt ) + dH = 0
with λH(RH) = dt(∂t −X
H
t ) = 1. 
As in the introdution we onsider an almost omplex struture J on the
ylindrial manifold R×S1 ×M , whih is required to be ylindrial in the sense
that it is R-independent, links the Reeb vetor eld RH and the R-diretion
∂s, by J∂s = R
H = ∂t + X
H
t and turns the sympleti hyperplane distribution
ξH = TM into a omplex subbundle of T (S1 × M). It follows that J on
R×S1 ×M is determined by its restrition to ξH = TM , whih is required to be
ωξH -ompatible, so that J is determined by the S
1
-dependent Hamiltonian Ht
and an S1-family of ω-ompatible almost omplex strutures Jt on the sympleti
manifold (M,ω).
Let us reall the denition of moduli spaes of holomorphi urves studied in
rational SFT in the general setup. Let (V, ω, λ) be a losed manifold with stable
Hamiltonian struture with sympleti hyperplane distribution ξ and Reeb vetor
eld R and let J be a ompatible ylindrial almost omplex struture on R×V .
Let P+, P− be two ordered sets of losed orbits γ of the Reeb vetor eld R on
V , i.e., γ : R → V , γ(t + T ) = γ(t), γ˙ = R, where T > 0 denotes the period
of γ. Then the (parametrized) moduli spae M0(V ;P+, P−, J) onsists of tuples
(F, (z±k )), where {z
±
1 , ..., z
±
n±} are two disjoint ordered sets of points on CP
1
, whih
are alled positive and negative puntures, respetively. The map F : S˙ → R×V
starting from the puntured Riemann surfae S˙ = CP1 − {(z±k )} is required to
satisfy the Cauhy-Riemann equation
∂JF = dF + J(F ) · dF · i = 0
with the omplex struture i on CP1. Assuming we have hosen ylindrial
oordinates ψ±k : R
±×S1 → S˙ around eah punture z±k in the sense that
ψ±k (±∞, t) = z
±
k , the map F is additionally required to show for all k = 1, ..., n
±
the asymptoti behaviour
lim
s→±∞
(F ◦ ψ±k )(s, t+ t0) = (±∞, γ
±
k (T
±
k t))
with some t0 ∈ S1 and the orbits γ
±
k ∈ P
±
, where T±k > 0 denotes period of γ
±
k .
Observe that the group Aut(CP1) of Moebius transformations ats on elements in
M0(V ;P+, P−, J) in an obvious way,
ϕ.(F, (z±k )) = (F ◦ ϕ
−1, ϕ(z±k )), ϕ ∈ Aut(CP
1),
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and we obtain the moduli spae M(V ;P+, P−, J) studied in sympleti eld
theory by dividing out this ation.
It remains to identify the ouring objets in our speial ase. First, one
immediately veries that all losed orbits γ of the vetor eld RH = ∂t −XHt on
S1 ×M are of the form
γ(t) = (t+ t0, x(t)),
and therefore have natural numbers T ∈ N, i.e., the winding number around the
S1-fator, as periods. Sine we study losed Reeb orbits up to reparametrization,
we an set t0 = 0, so that γ an be identied with x : R /T Z → M , whih is a
T -periodi orbit of the Hamiltonian vetor eld,
x˙(t) = XHt (x(t)).
Hene we will in the following write γ = (x, T ), where T ∈ N is the period and x
is a T -periodi orbit of the Hamiltonian H . We denote the set of T -periodi orbits
of the Reeb vetor eld RH on S1 ×M by P (H,T ).
For the moduli spaes of urves observe that in R×S1 ×M we an naturally
write the holomorphi map F as a produt,
F = (h, u) : S˙ → (R×S1)×M .
Proposition 2.2. F : S˙ → R×S1 × M is J-holomorphi preisely when h =
(h1, h2) : S˙ → R×S1 is holomorphi and u : S˙ → M satises the h-dependent
perturbed Cauhy-Riemann equation of Floer type,
∂J,H,hu = Λ
0,1(du +XH(h2, u)⊗ dh2)
= du +XH(h2, u)⊗ dh2 + J(h2, u) · (du +X
H(h2, u)⊗ dh2) · i.
Proof: Observing that J(t, p) : T (R×S1)⊕ TM → T (R×S1)⊕ TM is given by
J(t, p) =
(
i 0
∆(t, p) Jt(p)
)
with ∆(t, p) = −XHt (p)⊗ ds+ Jt(p)X
H
t (p)⊗ dt we ompute
(dh, du) + J(h, u) · (dh, du) · i
= (dh+ i · dh · i,
du+ (J(h2, u) · du −X
H(h2, u)⊗ dh1 + J(h2, u)X
H(h2, u)⊗ dh2) · i)
= (∂h, du−XH(h2, u)⊗ dh1 · i+ J(h2, u) · (du+X
H(h2, u)⊗ dh2) · i).
Finally observe that dh1 · i = −dh2 if ∂h = 0. 
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Realling that our orbit sets are given by P± = {(x±1 , T
±
1 ), ..., (x
±
n± , T
±
n±)}, we
use the rigidity of holomorphi maps to prove the following statement about the
map omponent h : S˙ → R×S1. Let T± = T±1 + ...+ T
±
n± denote the total period
above and below, respetively.
Lemma 2.3. The map h = (h1, h2) exists if and only if T
+ = T− and is unique
up a shift (s0, t0) ∈ R×S1,
h(z) = h0(z) + (s0, t0)
for some xed map h0 = (h01, h
0
2). In partiular, every holomorphi ylinder has
a positive and a negative punture, there are no holomorphi planes and all holo-
morphi spheres are onstant.
Proof: The asymptoti behavior of the map F near the puntures implies that
h ◦ ψk(s, t+ t0)
s→±∞
−→ (±∞, Tkt)
with some t0 ∈ S1. Identifying R×S1 ∼= CP1 − {0,∞}, it follows that h extends
to a meromorphi funtion h on CP1 with z+1 , ..., z
+
n+ poles of order T
+
1 , ..., T
+
n+
and z−1 , ..., z
−
n− zeros of order T
−
1 , ..., T
−
n− . Sine the zeroth Piard group of CP
1
is trivial, i.e., every divisor of degree zero is a prinipal divisor, we get that
suh meromorphi funtions exist preisely when T+ = T−. On the other hand
it follows from Liouville's theorem that they are uniquely determined up to a
nonzero multipliative fator, i.e., h = a · h0 with a ∈ C∗ ∼= R×S1 for some
xed h0 : CP1 → CP1. For every J
H
-holomorphi sphere (h, u) observe that h is
onstant, h = (s0, t0), and therefore u is a Jt0-holomorphi sphere in M , whih
must be onstant by 〈[ω], π2(M)〉 = 0. 
Note that the lemma also holds when φ is no longer Hamiltonian by dening
h = π ◦ F using the holomorphi bundle projetion π : R×Mφ → R×S1.
It follows that we only have to study puntured JH -holomorphi urves
(h, u) : S˙ → R×S1 ×M , S˙ = CP1 − {(z±k )} with two or more puntures, where
it remains to understand the map u. Note that by proposition 2.2 the perturbed
Cauhy-Riemann equation for u depends on the S1-omponent h2 = h
0
2+ t0 of the
map h. Starting with the ase of two puntures, we make preise the well-known
onnetion between sympleti Floer homology and sympleti eld theory for
Hamiltonian mapping tori.
Proposition 2.4. The JH-holomorphi ylinders onneting the RH-orbits
(x+, T ) and (x−, T ) in R×S1 × M orrespond to the Floer onneting orbits
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in M between the one-periodi orbits x+(T ·) and x−(T ·) of the Hamiltonian
HT (t, ·) = T · H(T t, ·) and the family JT (t, ·) = J(T t, ·) of ω-ompatible almost
omplex strutures.
Proof: When n = 2, i.e., z = (z−, z+), we nd an automorphism ϕ ∈ Aut(CP1)
with ϕ(z−) = 0, ϕ(z+) = ∞. Sine in the moduli spae two elements are onsid-
ered equal when they agree up to an automorphism of the domain, we an assume
that z = (0,∞). It follows from lemma 2.3. that h : CP1 − {0,∞} ∼= R×S1 →
R×S1 is of the form
h(s, t) = (Ts+ s0, T t+ t0)
with T = T+ + T−. We an assume that h is given by h(s, t) = (Ts, T t) after
omposing with the automorphism ϕ(s, t) = (s−s0/T, t−t0/T ) of R×S1. Now the
laim follows from the fat that the Cauhy-Riemann equation for u : R×S1 →M
reads as
∂J,Hu · ∂s = ∂su+ J(T t, u) · (∂tu+ T ·X
H(T t, u)) = 0,
with T ·XH = XT ·H . 
2.2 How to ahieve transversality with S1-symmetry
For understanding the urves with more than two puntures, observe that in these
ases the underlying puntured Riemann spheres S˙ are stable, so that every auto-
morphism ϕ of S˙ preserving the ordering of the puntures is the identity. While
this implies that dierent maps h = h0 + (s0, t0) give dierent elements in the
moduli spae, the main problem is that the solutions for u moreover depend on
the S1-omponent h2 = h
0
2 + t0 of the hosen map h, that is, the S
1
-parameter
t0. Instead of studying how the solution spaes for u vary with t0 ∈ S1, it is nat-
ural to restrit to speial situations when the solution spaes are t0-independent.
Moreover, when this an be arranged in a way that all asymptoti orbits are non-
degenerate and we an ahieve transversality for the moduli spaes, we an use the
resulting S1-symmetry on the moduli spaes to show that they do not ontribute
to the algebrai invariants in rational sympleti eld theory. It is easily seen that
the Cauhy-Riemann equation is independent of t0 ∈ S1 when both the family of
almost omplex strutures J(t, ·) and the Hamiltonian H(t, ·) are independent of
t ∈ S1. Hene for the following we will always assume that
J(t, ·) ≡ J, H(t, ·) ≡ H.
Nondegeneray of the periodi orbits:
It is well-known from sympleti Floer homology that we an ahieve that
all one-periodi orbits (x, 1) ∈ P (S1 × M,H) are nondegenerate by hoosing
H to be a time-independent Morse funtion H : M → R with a suiently
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small C2-norm, so that, in partiular, the only one-periodi orbits of H are the
ritial points of H . While this sounds promising to solve the rst of our two
problems, note that in ontrast to sympleti Floer homology we do not only
study urves whih are asymptotially ylindrial to one-periodi orbits (x, 1)
but allow periodi orbits (x, T ) of arbitrary period T ∈ N. Now the problem is
that the T -periodi orbits of H are in natural orrespondene with one-periodi
orbits of the Hamiltonian T · H , while T · H need no longer be C2-small
enough. In order to solve this problem, we x a maximal period T = 2N and
replae the original Hamiltonian H by H/2N , so that all orbits up to the max-
imal period 2N are nondegenerate, in partiular, ritial points of H/2N , i.e., of H .
Transversality for the Cauhy-Riemann operator:
So it remains the problem of transversality. Although the denition of the
algebrai invariants of sympleti eld theory suggests that all we have to do is
ounting true JH-holomorphi urves in R×S1×M , it is impliit in the denition
of all pseudoholomorphi urve theories that before ounting the geometri data
has to be perturbed in suh a way that the Cauhy-Riemann operator beomes
transversal to the zero setion in a suitable Banah spae bundle over a suitable
Banah manifold of maps. It is the main problem of sympleti eld theory,
as well as Gromov-Witten theory and sympleti Floer homology for general
sympleti manifolds, that transversality for all moduli spaes annot be ahieved
even for generi hoies for JH . In fat the problem already ours for the trivial
urves, i.e., trivial examples of urves in sympleti eld theory, see [F℄. In order
to solve these problems virtual moduli yle tehniques were invented, see [LiuT℄,
[LT℄, [FO℄; furthermore they were the starting point for the polyfold projet by
Hofer, Wysoki and Zehnder, see [H℄ and the referenes therein. In order to solve
the transversality problem in our S1-symmetri speial ase, we ombine the
approah in [CM1℄ for ahieving transversality in Gromov-Witten theory with the
well-known onnetion between sympleti Floer homology and Morse homology
in [SZ℄ as follows.
Case of domain-stable urves (n ≥ 3). It is well-known, see e.g. [Sh℄,
that transversality in Floer homology and Gromov-Witten theory an be
ahieved by allowing the almost omplex struture on the sympleti manifold
(M,ω) to depend on points on the puntured Riemann surfae underlying
the holomorphi urves, i.e., introduing domain-dependent almost omplex
strutures. In this paper we x the S1-independent almost omplex struture J
and introdue domain-dependent Hamiltonian perturbations H , whih however
are still S1-independent, where we show in setion 4 that the resulting lass
of domain-dependent ylindrial almost omplex strutures JH on R×S1 × M
is still large enough to ahieve transversality for all moduli spaes of urves
with three or more puntures. Here we let H rather than J depend on the
underlying puntured spheres, so that we ahieve transversality also for the trivial
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urves, i.e., the branhed overs of trivial ylinders. Note that in order to make
the latter transversal, it is learly neessary to make the stable Hamiltonian
struture on S1 × M domain-dependent. In order to make the hoies for the
domain-dependent Hamiltonian perturbations H ompatible with gluing of urves
in sympleti eld theory, the perturbations must vary smoothly with the position
of the puntures z = (z±1 , ..., z
±
n±),
H = Hz : (CP
1 − {z±1 , ..., z
±
n±})×M → R .
In order to guarantee that nite energy solutions are still asymptotially ylin-
drial over periodi orbits of the original domain-independent Hamiltonian H ,
we require that Hz agrees with H over the ylindrial neighborhoods of the
puntures. Furthermore, in order to ensure that the automorphism group of CP1
still ats on the moduli spae, they must satisfy Hϕ(z) = ϕ∗Hz = Hz ◦ ϕ
−1
.
When the number of puntures is greater or equal than three, i.e., the puntured
Riemann sphere is stable, it follows that Hz should depend only on the lass
[z] ∈M0,n in the moduli spae of n-puntured Riemann spheres.
Outline of the onstrution of domain-dependent Hamiltonians. For the onstru-
tion of suh domain-dependent strutures we follow the ideas in [CM1℄, where
for preise denitions we refer to the upoming setion on domain-dependent
Hamiltonian perturbations. For n ≥ 3 denote by M0,n the moduli spae of stable
genus zero urves modelled over the n-labelled tree with one vertex, i.e. the
moduli spae of Riemann spheres with n marked points. Taking the union of all
moduli spaes of stable nodal urves modelled over n-labelled trees, we obtain
the Deligne-Mumford spae M0,n =
∐
T MT whih, equipped with the Gromov
topology, provides the ompatiation of the moduli spae M0,n. It is a ruial
observation that we have a anonial projetion π :M0,n+1 →M0,n by forgetting
the (n+1)st marked point and stabilizing. Note that to any nodal urve z we an
naturally assoiate a nodal Riemann surfae Σz =
∐
α∈T Sα/{zαβ ∼ zβα} with
puntures (zk), obtained by gluing a olletion of Riemann spheres Sα ∼= CP1 at
the onneting nodes zαβ ∈ CP1. It then follows that the map π :M0,n+1 →M0,n
is holomorphi and the bre π−1([z]) is naturally biholomorphi to Σz. We then
hoose for every n ≥ 3 smooth maps H(n) : M0,n+1 → C
∞(M) and for
[z] ∈M0,n then dene Hz to be the restrition of H(n) to the bre π−1([z]) ∼= Σz.
In partiular, for z ∈M0,n ⊂M0,n we get from Σz ∼= CP1 a map
Hz = H
(n)|π−1([z]) : CP
1 → C∞(M) .
Assuming that H(2), ..., H(n−1) are already hosen, the ompatibility for the
domain-dependent Hamiltonians under gluing of the underlying Riemann surfaes
is ensured by speifyingH(n) on the boundary ∂M0,n+1 =M0,n+1−M0,n+1 using
H(2), ..., H(n−1). For this observe that ∂M0,n+1 onsists of the bres π−1([z]) ∼=
Σz over [z] ∈ ∂M0,n =M0,n −M0,n and of the puntures z1, ..., zn ∈ CP1 = Σz
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in the bres over [z] ∈ M0,n. In order to see that we an indeed dene H(n)
indutively we ruially use that there are no holomorphi planes and spheres.
Assuming we have determined H(n) for n ≥ 2, we organize all maps into a map
H :
∐
n
M0,n+1 → C
∞(M).
Note that for n = 2 the spae M0,n+1 just onsists of a single point.
Case of ylinders (n = 2). For urves with two or less puntures, the
ompatibility with the ation of Aut(CP1) implies that Hz must be independent
of points on the domain, i.e., just a funtion on M . On the other hand it is
known from sympleti Floer homology that for xed almost omplex struture
J it is important to let the Hamiltonian expliitly be S1-dependent to have
transversality for generi hoies, whih seems to destroy our hopes for omputing
the sympleti eld theory of R×S1 × M with S1-independent H and J . To
overome this problem, we remind ourselves that we already assume H to be so
small suh that all one-period orbits are nondegenerate, in partiular, ritial
points of H . Furthermore by proposition 2.4 we know that the JH -holomorphi
ylinders naturally orrespond to Floer onneting orbits. The important obser-
vation is now to by hoosing H with small C2-norm, e.g. by resaling, we an
ahieve that all Floer trajetories u are indeed Morse trajetories, i.e., gradient
ow lines u(s, t) ≡ u(s) of H between the ritial points x− and x+ with respet
to the metri ω(·, J ·) on M . When the pair (H,ω(·, J ·)) is Morse-Smale, the
linearization Fu of the gradient ow operator is surjetive, and it is shown in [SZ℄
that this indeed sues to show that the linearization Du of the Cauhy-Riemann
operator is surjetive as well. More preisely, we use the following lemma, whih
is proven in [SZ℄.
Lemma 2.5. Let (H, J) be a pair of a Hamiltonian H and an almost om-
plex struture J on a losed sympleti manifold with 〈[ω], π2(M)〉 = 0 so that
(H,ω(·, J ·)) is Morse-Smale. Then the following holds:
• If τ > 0 is suiently small, all nite energy solutions u : R×S1 → M of
∂J,τHu = ∂su+ J(u)(∂tu+X
τH(u)) = 0 are independent of t ∈ S1.
• In this ase, the linearization Dτu of ∂J,τH is onto at any solution
u : R×S1 →M .
Reall that we xed a maximal period T = 2N and let P (H/2N ,≤ 2N ) denote
the set of periodi orbits of the Reeb vetor eld RH/2
N
for the Hamiltonian
H/2N with period less or equal than 2N . We ollet our results about moduli
spaes of holomorphi urves in R×S1 ×M in the following
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Theorem 2.6. Let (M,ω) be a losed sympleti manifold, whih is symple-
tially aspherial, equipped with a ω-ompatible almost omplex struture J
and H : M → R so that lemma 2.5 is satised with τ = 1. Further assume
that for any ordered set of puntures z = (z±1 , ..., z
±
n±) ontaining three or
more points we have onstruted a domain-dependent Hamiltonian perturbation
Hz : (CP1 − {z}) × M → R of H with the properties outlined above. Then,
depending on the number of puntures n we have the following result about the
moduli spaes of JH-holomorphi urves in R×S1 ×M :
• n = 0: All holomorphi spheres are onstant.
• n = 1: Holomorphi planes do not exist.
• n = 2: For T ≤ 2N the automorphism group Aut(CP1) ats on the
parametrized moduli spae M0(S1×M, (x+, T ), (x−, T ), JH/2
N
) of holomor-
phi ylinders with onstant nite isotropy group Z /T Z and the quotient an
be naturally identied with the spae of gradient ow lines of H with respet
to the metri ω(·, J ·) on M between the ritial points x+ and x−.
• n ≥ 3: For P+, P− ⊂ P (H/2N ,≤ 2N) the ation of Aut(CP1) on the
parametrized moduli spae is free. There still remains a free S1-ation on
the moduli spae after dividing out the R-translation, where the quotient is
given by
{(u, z) : u : CP1 − {z} →M : (∗1), (∗2)}/Aut(CP1)
with
(∗1) : du+XH/2
N
z (z, u)⊗ dh
0
2 + J(u) · (du+X
H/2N
z (z, u)⊗ dh
0
2) · i = 0 ,
(∗2) : u ◦ ψ±k (s, t)
s→±∞
−→ x±k .
Proof: Observe that all statements rely on proposition 2.2 and lemma 2.3. For
n = 2 we additionally use proposition 2.4 and lemma 2.5 and remark that the
ritial points and gradient ow lines ofH/2N are naturally identied with those of
H . For the statement about the isotropy groups observe that for h(s, t) = (Ts, T t)
and u(s, t) = u(s) we have
(h, u) = (h ◦ ϕ, u ◦ ϕ)⇔ ϕ(s, t) = (s, t+
k
T
), k ∈ Z /T Z .
For the ase n ≥ 3 observe that the ation of Aut(CP1) is already free on the
underlying set of puntures. 
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3 Domain-dependent Hamiltonians
Based on the ideas in [CM1℄ for ahieving transversality in Gromov-Witten theory,
we desribe in this setion a method to dene domain-dependent Hamiltonian
perturbations. In the following we drop the supersript for the puntures,
z = (zk), sine for the assignment of Hamiltonians we do not distinguish between
positive and negative puntures.
3.1 Deligne-Mumford spae
We start with the following denition.
Denition 3.1. A n-labelled tree is a triple (T,E,Λ), where (T,E) is a tree with
the set of verties T and the edge relation E ⊂ T × T . The set Λ = (Λα)α∈T is a
partition of the index set I = {1, ..., n} =
⋃
Λα. We write αEβ if (α, β) ∈ E.
A tree is alled stable if for eah α ∈ T we have nα = ♯Λα + ♯{β : αEβ} ≥ 3.
For n ≥ 3 a n-labelled tree an be stabilized in a anonial way, see [CM1℄,
[MDSa℄, where one rst deletes verties α with nα < 3 to obtain st(T ) ⊂ T and
then modies E,Λ in the obvious way.
Denition 3.2. A nodal urve of genus zero modelled over T = (T,E,Λ) is a
tuple z = ((zαβ)αEβ , (zk)) of speial points zαβ, zk ∈ CP1 suh that for eah α ∈ T
the speial points in Zα = {zαβ : αEβ} ∪ {zk : k ∈ Λα} are pairwise distint.
To any nodal urve z we an naturally assoiate a nodal Riemann surfae
Σz =
∐
α∈T Sα/{zαβ ∼ zβα} with puntures (zk), obtained by gluing a olletion
of Riemann spheres Sα ∼= CP1 at the points zαβ ∈ CP1. A nodal urve z is alled
stable if the underlying tree is stable, i.e., every sphere Sα arries at least three
speial points. Stabilization of trees immediately leads to a anonial stabilization
z → st(z) of the orresponding nodal urve.
Denote by M˜T ⊂ (CP1)E × (CP1)n the spae of all nodal urves (of
genus zero) modelled over the tree T = (T,E,Λ). An isomorphism between
nodal urves z, z′ modelled over the same tree is a tuple φ = (φα)α∈T with
φα ∈ Aut(CP1) so that φ(z) = z′, i.e., z′αβ = φα(zαβ) and z
′
k = φα(zk) if
k ∈ Λα. Observe that φ indues a biholomorphism φ : Σz → Σz′ . Let GT
denote the group of biholomorphisms. For stable T the ation of GT on M˜T
is free and the quotientMT = M˜T /GT is a (nite-dimensional) omplex manifold.
Denition 3.3. For n ≥ 3 denote by M0,n the moduli spae of stable genus zero
urves modelled over the n-labelled tree with one vertex, i.e, the moduli spae of
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Riemann spheres with n marked points. Taking the union of all moduli spaes of
stable nodal urves modelled over n-labelled trees, we obtain the Deligne-Mumford
spae
M0,n =
∐
T
MT ,
whih, equipped with the Gromov topology, provides the ompatiation of the
moduli spae M0,n of puntured Riemann spheres.
By a result of Knudsen (see [CM1℄, theorem 2.1) the Deligne-Mumford spae
M0,n arries the struture of a ompat omplex manifold of omplex dimension
n − 3. For eah stable n-labelled tree T the spae MT ⊂ M0,n is a omplex
submanifold, where any MT 6= M0,n is of omplex odimension at least one in
M0,n.
It is a ruial observation that we have a anonial projetion
π : M0,n+1 → M0,n by forgetting the (n + 1)st marked point and stabiliz-
ing. The map π is holomorphi and the bre π−1([z]) is naturally biholomorphi
to Σz. Moreover, for [z] ∈ M0,n, every omponent Sα ⊂ Σz is an embed-
ded holomorphi sphere in M0,n+1. Note that M0,n+1 & π−1(M0,n) as
π−1([z]) ∩M0,n+1 = CP1 − {(zk)} for [z] ∈ M0,n.
3.2 Denition of oherent Hamiltonian perturbations
With this we are now ready to desribe the algorithm how to nd domain-
dependent Hamiltonians Hz on M .
For n = 2 let H(2) : M → R be the domain-independent Hamiltonian from
theorem 2.6, i.e., suh that with the xed almost omplex struture J on M
lemma 2.5 is satised with τ = 1.
For n ≥ 3 we hoose smooth maps H(n) :M0,n+1 → C∞(M). For [z] ∈ M0,n
we then dene Hz to be the restrition of H
(n)
to the bre π−1([z]) ∼= Σz . In
partiular, for z ∈M0,n ⊂M0,n we get from Σz ∼= CP1 a map
Hz = H
(n)|π−1([z]) : CP
1 → C∞(M) ,
where the biholomorphism Σz ∼= CP1 is xed by requiring that (z1, z2, z3) are
mapped to (0, 1,∞). Further let dz = inf{d(zk, zl) : 1 ≤ k < l ≤ n} denote the
minimal distane between two marked points with respet to the Fubini-Study
metri on CP1, let Dz(z) be the ball of radius dz/2 around z ∈ CP1 and set
Nz = Dz(z1) ∪ ... ∪Dz(zn). Then we hoose H(n) so that Hz agrees with H(2) on
Nz.
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The gluing ompatibility is ensured by speifying H(n) on the boundary
∂M0,n+1 = M0,n+1 −M0,n+1, whih onsists of the bres π−1([z]) = Σz over
[z] ∈ ∂M0,n = M0,n −M0,n and the points z1, ..., zn ∈ CP1 = Σz in the bres
over [z] ∈M0,n.
Note that we have already set Hz(zk) = H
(2)
. For [z] ∈ ∂M0,n =M0,n−M0,n
we have Hz = H
(n)|π−1([z]) : Σz → C
∞(M) with Σz =
∐
Sα/ ∼ and ♯T ≥ 2. As
before let Zα = {zα1 , ..., z
α
nα} denote the set of speial points on Sα. Then we want
that
Hz|Sα = Hzα
for zα = (zαk ).
Sine nα = ♯Zα < n, this requirement implies that a hoie for the map
H(n) : M0,n+1 → C∞(M) also xes the maps H(n
′) : M0,n′+1 → C∞(M) for
n′ < n.
If H(k) :M0,k+1 → C∞(M), k = 2, ..., n− 1 are ompatible in the above sense
we all them oherent. We show how to nd H(n) : M0,n+1 → C∞(M) so that
H(2), ..., H(n) are oherent.
Let [z] ∈ ∂M0,n with Σz =
∐
Sα/ ∼. Under the assumption that Hzα
was hosen to agree with H(2) on the neighborhood Nzα of the speial points it
follows that all Hzα t together to a smooth assignment Hz : Σz → C∞(M). Let
T = (T,E,Λ) be the tree underlying z. Then it follows by the same arguments
that the maps H(nα) t together to a smooth map HT : π−1(MT ) → C
∞(M).
Now let τ : T → T ′ be a surjetive tree homomorphism with ♯T ′ ≥ 2.
Then MT ⊂ MT ′ and it follows from the ompatibility of H(2), ..., H(n−1)
that HT and HT
′
agree on π−1(MT ). Hene we get a unique assigment on
∂M0,n+1 = π−1(
∐
{MT : ♯T ≥ 2}).
After having speied the map H(n) : M0,n+1 → C∞(M) on the boundary
∂M0,n+1, we hoose H(n) in the interior M0,n+1 so that H(n) is smooth (on the
ompatiation M0,n+1) and H
(n)
agrees with H(2) on Nz ⊂ π
−1([z]) for all
[z] ∈ M0,n.
Assuming we have determined H(n) for n ≥ 2, we organize all maps into a map
H :
∐
n
M0,n+1 → C
∞(M).
Note that for n = 2 the spae M0,n+1 just onsists of a single point. A map
H as above, i.e., for whih all restritions H(n) : M0,n+1 → C∞(M), n ∈ N are
oherent, is again alled oherent.
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Together with the almost omplex struture J reall that this denes a domain-
dependent ylindrial almost omplex struture JH on R×S1 ×M ,
JH :
∐
n
M0,n+1 → Jcyl(R×S
1 ×M).
With this generalized notion of ylindrial almost omplex struture we all, a-
ording to theorem 2.6, a map F = (h, u) : CP1 − {z} → R×S1 × M JH -
holomorphi when it satises the domain-dependent Cauhy-Riemann equation
∂J(h, u) = d(h, u) + J
H
z (z, h, u) · d(h, u) · i = 0,
whih by proposition 2.2 is equivalent to the set of equations ∂h = 0 and
∂J,H(u) = du+X
H
z (z, u)⊗ dh
0
2 + J(u) · (du+X
H
z (z, u)⊗ dh
0
2) · i = 0
with XHz (z, ·) denoting the sympleti gradient of Hz(z, ·) :M → R.
Sine Hz(z, ·) agrees with the Hamiltonian H(2) : M → R near the puntures,
it follows that any nite-energy solution of the modied perturbed Cauhy-
Riemann equation again onverges to a periodi orbit of the Hamiltonian ow of
H(2) as long as all possible asymptoti orbits are nondegenerate. Observe that it
follows from the denition of Hz that the group of Moebius transformations still
ats on the resulting moduli spae of parametrized urves. We show in the setion
on transversality that for any given almost omplex struture J on M we an
nd Hamiltonian perturbations H :
∐
nM0,n+1 → C
∞(M), so that all moduli
spaes M0(S1 ×M ;P+, P−; JH/2
N
) are ut out transversally simultaneously for
all maximal periods 2N , N ∈ N.
3.3 Compatibility with SFT ompatness
It remains to show that the notion of oherent ylindrial almost omplex stru-
tures JH is atually ompatible with Gromov onvergene of JH -holomorphi
urves in R×S1 ×M .
Denition 3.4. A JH-holomorphi level ℓ map (h, u, z) onsists of the following
data:
• A nodal urve z =
∐
Sα/ ∼∈ M0,n and a labeling σ : T → {1, ..., ℓ}, alled
levels, suh that two omponents α, β ∈ T with αEβ have levels diering by
at most one.
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• JH-holomorphi maps Fα = (hα, uα) : Sα → R×S1 × M (satisfying
d(hα, uα) + J
H
zα(z, hα, uα) · d(hα, uα) · i = 0) with the following behaviour
at the nodes.
If σ(α) = σ(β) + 1 then zαβ is a negative punture for (hα, uα) and zβα a
positive punture for (hβ , uβ) and they are asymptotially ylindrial over the
same periodi orbit; else, if σ(α) = σ(β), then (hα, uα)(zαβ) = (hβ , uβ)(zβα).
With this we an give the denition of Gromov onvergene of JH -holomorphi
maps.
Denition 3.5. A sequene of stable JH-holomorphi maps (hν , uν , zν) onverges
to a level ℓ holomorphi map (h, u, z) if for any α ∈ T (T is the tree underlying
z) there exists a sequene of Moebius transformations φνα ∈ Aut(CP
1) suh that:
• for (h, u) = (h1, h2, u) = (h1,α, h2,α, uα)α∈T there exist sequenes sνi , i =
1, ..., ℓ with
hν1 ◦ φ
ν
α + s
ν
σ(α)
ν→∞
−→ h1,α, (h
ν
2 , u
ν) ◦ φνα
ν→∞
−→ (h2,α, uα)
for all α ∈ T in C∞loc(S˙),
• for all k = 1, ..., n we have (φνα)
−1(zνk )→ zk if k ∈ Λα (zk ∈ Sα),
• and (φνα)
−1 ◦ φνβ → zαβ for all αEβ.
Note that a level ℓ holomorphi map (h, u, z) is alled stable if for any
l ∈ {1, ..., ℓ} there exists α ∈ T with σ(α) = l and (hα, uα) is not a
trivial ylinder and, furthermore, if (hα, uα) is onstant then the num-
ber of speial points nα = ♯Zα ≥ 3. Although any holomorphi map
(hν , uν , zν) ∈ M0(S1 × M ;P+, P−; JH) with n = ♯P+ + ♯P− ≥ 3 is sta-
ble, the nodal urve z underlying the limit level ℓ holomorphi map (h, u, z)
need not be stable. However, we an use the absene of holomorphi planes and
(non-onstant) holomorphi spheres in R×S1 ×M to prove the following lemma
about the boundary of M(S1 ×M ;P+, P−; JH)/R.
Lemma 3.6. Assume that the sequene (hν , uν , zν) ∈ M(S1 ×M ;P+, P−; JH)
Gromov onverges to the level ℓ holomorphi map (h, u, z). For the number of
speial points nα on the omponent Sα ⊂ Σz it holds
• nα ≤ n = ♯P+ + ♯P− for any α ∈ T ,
• if nα = n for some α ∈ T then all other omponents are ylinders, i.e., arry
preisely two speial points.
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Proof: We prove this statement by iteratively letting irles on CP1 ollapse to
obtain the nodal surfae Σz.
For inreasing the maximal number of speial points on spherial omponents on
a nodal surfae we must ollapse a speial irle with all speial points on one
hemisphere. Even after ollapsing further irles to nodes there always remains
one omponent with just one speial point (a node). Sine by 〈[ω], π2(M)〉 = 0
there are no holomorphi planes and bubbles this annot happen, whih shows
the rst part of the statement. For the seond part observe that ollapsing irles
with more than one speial point on eah hemisphere leads to two new spherial
omponents whih arry stritly less speial points than the original one. 
Let n ≥ 3. For hosen H :
∐
nM0,n+1 → C
∞(M) reall that for stable nodal
urves z we dened Hz = H |π−1([z]) : Σz → C
∞(M). For general nodal urves
z (with n ≥ 3) we an use the stabilization z → st(z) and the indued map
st : Σz → Σst(z) to dene
Hz(z) := Hst(z)(st(z)) , z ∈ Σz
(ompare [CM1℄, setion 4) with orresponding ylindrial almost omplex
struture JHz (z) := J
H
st(z)(st(z)) ∈ Jcyl(S
1 ×M).
Proposition 3.7. A JH-holomorphi level ℓ map (h, u, z) is JHz -holomorphi.
Proof: If z is stable this follows diretly from the onstrution of JH as the
restrition of JHz to a omponent Sα ⊂ Σz agrees with J
H
zα when z
α = (zα1 , ..., z
α
nα)
denotes the ordered set of speial points on Sα. If z is not stable the proposition
relies on the following two observations.
Sine there are no spherial omponents with just one speial point all speial
points on stable omponents of Σz are preserved under stabilization, i.e., a node
onneting a stable omponent with an unstable one is not removed but beomes
a marked point on Σst(z).
On the other hand points on a ylindrial omponent (a tree of ylinders) are
mapped under stabilization to the node onneting it to a stable omponent
(whih then is a marked point for the nodal surfae Σst(z)). Sine J
H
st(z) near
speial points agrees with omplex struture JH
(2)
hosen for ylinder we have
JHz (z) = J
H
st(z)(st(z)) = J
H(2)
for any z ∈ Σz lying on a ylindrial omponent. 
In order to show the gluing ompatibility we prove the following proposi-
tion.
Proposition 3.8. Let (hν , uν , zν) be a sequene of JHzν -holomorphi maps on-
verging to the level ℓ map (h, u, z). Then (h, u, z) is JHz -holomorphi.
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Proof: Reall from the denition of Gromov onvergene that for any α ∈ T (the
tree underlying z) there exists a sequene φνα ∈ Aut(CP
1) and for any i ∈ {1, ..., ℓ}
sequenes sνi ∈ R suh that h
ν
1 ◦ φ
ν
α + s
ν
σ(α) → h1,α and (h
ν
2 , u
ν) ◦ φνα → (h1,α, uα).
Hene it remains to show that
JHzν ◦ φ
ν
α → J
H
z
in C∞(Sα,Jcyl(S1 ×M)) as ν →∞ for all α ∈ T .
Sine the projetion from the ompatied moduli spae to the Deligne-
Mumford spae M0,n is smooth (see theorem 5.6.6 in [MDSa℄), it follows from
(hν , uν , zν)→ (h, u, z) that zν = st(zν)→ st(z) in M0,n.
For α ∈ st(T ) and z ∈ Sα we have st(z) = z and it follows that
(zν , φνα(z))→ (st(z), z) ∈M0,n+1 .
Sine JH
(n)
:M0,n+1 → Jcyl(S1 ×M) is ontinuous, we have
JHzν (φ
ν
α(z))→ J
H
st(z)(z) = J
H
z (z)
in Jcyl(S1 ×M) for all z ∈ Sα. The uniform onvergene in all derivatives follows
by the same argument using the smoothness of JH
(n)
.
On the other hand, if α /∈ st(T ) and z ∈ Sα, then st(z) = zβα ∈ st(z) if αEβ. In
M0,n+1 we have that
(zν , φνα(z))→ (z, zβα)
sine (φνβ)
−1(φνα(z))→ zβα ∈ Sβ and therefore
JHzν (φ
ν
α(z))→ J
H
st(z)(st(z)) = J
H
z (z) . 
4 Transversality
We follow [BM℄ for the desription of the analyti setup of the underlying
Fredholm problem. More preisely, we take from [BM℄ the denition of the
Banah spae bundle over the Banah manifold of maps, whih ontains the
Cauhy-Riemann operator studied above as a smooth setion.
4.1 Banah spae bundle and Cauhy-Riemann operator
For a hosen oherent Hamiltonian perturbation H :
∐
nM0,n+1 → C
∞(M) and
xed N ∈ N, we hoose ordered sets of periodi orbits
P± = {(x±1 , T
±
1 ), ..., (x
±
n± , T
±
n±)} ⊂ P (H
(2)/2N ,≤ 2N ),
4.1 Banah spae bundle and Cauhy-Riemann operator 23
where n = n+ + n−. Instead of onsidering CP1 ∼= S2 with its unique onfor-
mal struture, we x puntures z±,01 , ..., z
±,0
n ∈ S
2
and let the omplex struture
on S˙ = S2 − {z±,01 , ..., z
±,0
n } vary. Following the onstrutions in [BM℄ we see
that the appropriate Banah manifold Bp,d(R×S1 × M ; (x±k , T
±
k )) for studying
the underlying Fredholm problem is given by the produt
Bp,d(R×S1 ×M, (x±k , T
±
k )) = H
1,p,d
const(S˙,C)× B
p(M ; (x±k ))×M0,n
with d > 0 and p > 2, whose fators are dened as follows.
The Banah manifold Bp(M ; (x±k )) onsists of maps u ∈ H
1,p
loc (S˙,M), whih
onverge to the ritial points x±k ∈ Crit(H
(2)) as z ∈ S˙ approahes the punture
z±,0k . More preisely, if we x linear maps Θ
±
k : R
2m → Tx±
k
M , the urves satisfy
u ◦ ψ±k (s, t) = expx±
k
(Θ±k · v
±
k (s, t))
for some v±k ∈ H
1,p(R±×S1,R2m), where exp denotes the exponential map for
the metri ω(·, J ·) on M .
The spae H1,p,dconst(S˙,C) onsists of maps h ∈ H
1,p
loc (S˙,C), for whih there exist
(s±,k0 , t
±,k
0 ) ∈ R
2 ∼= C, suh that for all k = 1, ..., n± the maps
R±×S1 → R2, (s, t) 7→ ((h ◦ ψ±k )(s, t)− (s
±,k
0 , t
±,k
0 )) · e
±d·s
are in H1,p(R±×S1,C). In other words, H1,p,dconst(S˙,C) onsists of maps diering
asymptotially from a onstant one by a funtion, whih onverges exponentially
fast to zero.
FinallyM0,n denotes, as before, the moduli spae of omplex strutures on the
puntured sphere S˙, whih learly is naturally identied with its originally dened
version, the moduli spae of Riemann spheres with n puntures.
Here we represent M0,n expliitly by nite-dimensional families of (almost) om-
plex strutures on S˙, so that TjM0,n beomes a nite-dimensional subspae of
{y ∈ End(T S˙) : yj + jy = 0}.
Note that in [BM℄ the authors work with Teihmueller spaes, sine the or-
responding moduli spaes of omplex strutures, obtained by dividing out the
mapping lass group, beome orbifolds for non-zero genus.
Note that for the identiation
Bp,d(R×S1 ×M, (x±k , T
±
k )) = H
1,p,d
const(S˙,C)× B
p(M ; (x±k ))×M0,n
we identify h¯ ∈ H1,p,dconst(S˙,C) with the map h : S˙ → R×S
1
given by
h = h0 + h¯, where h0 denotes an arbitrary xed holomorphi map
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h0 : S˙ → R×S1 ∼= CP1 − {0,∞}, so that z±,0k is a pole/zero of order T
±
k .
Note that we do not use asymptoti exponential weights (depending on d ∈ R+)
for the Banah manifold Bp(M ; (x±k )), sine we are dealing with nondegenerate
asymptotis.
Let H1,p(u∗TM) onsist of setions ξ ∈ H1,ploc (u
∗TM), suh that
ξ ◦ ψ±k (s, t) = (d expx±
k
)(Θ±k · v
±
k (s, t)) ·Θ
±
k ξ
±,0
k (s, t)
with ξ±,0k ∈ H
1,p(R±×S1,R2m) for k = 1, ..., n. Note that here we take the
dierential of expx±
k
: Tx±
k
M → M at Θ±k · v
±
k (s, t) ∈ Tx±
k
M , whih maps the
tangent spae to M at x±k to the tangent spae to M at
expx±
k
(Θ±k · v
±
k (s, t)) = u ◦ ψ
±
k (s, t).
Then the tangent spae to Bp,d(R×S1 ×M ; (x±k , T
±
k )) at (h¯, u, j) is given by
T(h¯,u,j) B
p,d(R×S1 ×M ; (x±k , T
±
k )) = H
1,p,d
const(S˙,C)⊕H
1,p(u∗TM)⊕ TjM0,n .
Consider the bundle Λ0,1 ⊗j,J u∗TM , whose setions are (0,1)-forms on S˙
with values in the pullbak bundle u∗TM equipped with the omplex struture J .
The spae Lp(Λ0,1 ⊗j,J u∗TM) is dened similarly as H1,p(u∗TM): it onsists of
setions α ∈ Lploc, whih asymptotially satisfy
(ψ±k )
∗α(s, t) · ∂s = (d expx±
k
)(Θ±k · v
±
k (s, t)) ·Θ
±
k α
±,0
k (s, t)
with α±,0k ∈ L
p(R±×S1,R2m).
Over Bp,d = Bp,d(R×S1 × M ; (x±k , T
±
k )) onsider the Banah spae bundle
Ep,d → Bp,d with bre
Ep,d
h¯,u,j
= Lp,d(Λ0,1 ⊗j,i C)⊕ L
p(Λ0,1 ⊗j,J u
∗TM).
Assume that we have xed a oherent Hamiltonian perturbation
H :
∐
M0,n+1 → C∞(M). Our onvention at the beginning of this se-
tion, i.e., xing the puntures on S2 but letting the almost omplex struture
j : T S˙ → T S˙ vary, now leads to a dependeny H(j, z) = H(n)(j, z) on the omplex
struture j on S˙ and points z ∈ S˙. For the following exposition let us assume
N = 0 in order to keep the notation simple.
The Cauhy-Riemann operator
∂JH (h, u, j) = ∂j,JH (h, u) = d(h, u) + J
H(j, z, h, u) · d(h, u) · j
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is a smooth setion in Ep,d → Bp,d and naturally splits,
∂j,JH (h, u) = (∂h, ∂J,Hu) ∈ L
p,d(Λ0,1 ⊗j,i C)⊕ L
p(Λ0,1 ⊗j,J u
∗TM).
Here ∂ = ∂j,i is the standard Cauhy-Riemann operator for maps h : (S˙, j)→
R×S1 and ∂J,H is the perturbed Cauhy-Riemann operator given by
∂J,H(u) = du+X
H(j, z, u)⊗ dh02 + J(u) · (du +X
H(j, z, u)⊗ dh02) · j,
where again XH(j, z, ·) denotes the sympleti gradient of H(j, z, ·) : M → R. It
follows that the linearization Dh¯,u,j of ∂JH at a solution (h¯, u, j) splits,
Dh¯,u,j = Dh¯,u ⊕Dj,
with Dj : TjM0,n → E
p,d
h¯,u,j
and
Dh¯,u = diag(∂,Du) : H
1,p,d
const(S˙,C)⊕H
1,p(u∗TM)
→ Lp,d(Λ0,1 ⊗j,i C)⊕ L
p(Λ0,1 ⊗j,J u
∗TM),
where
Du : H
1,p(u∗TM)→ Lp(Λ0,1 ⊗j,J u
∗TM),
Duξ = ∇ξ + J(u) · ∇ξ · j +∇ξJ(u) · du · j
+∇ξX
H(j, z, u)⊗ dh02 +∇ξ∇H(j, z, u)⊗ dh
0
1
is the linearization of the perturbed Cauhy-Riemann operator ∂J,H .
4.2 Universal moduli spae
Let Hℓn(M ;H
(2), ..., H(n−1)) denote the Banah manifold onsisting of Cℓ-maps
H(n) : M0,n+1 → Cℓ(M), whih extend as Cℓ-maps to M0,n+1 as indued by
H(k), k = 2, ..., n − 1 and H(n)(j, ·) = H(2) on a neighborhood N0 ⊂ S˙ of the
puntures.
Note that it is essential to work in the Cℓ-ategory sine the orresponding
spae of C∞-strutures just inherits the struture of a Frehet manifold and we
later annot apply the Sard-Smale theorem.
The tangent spae to Hℓ = Hℓn(M ;H
(2), ..., H(n−1)) at H = H(n) is given by
THH
ℓ
n(M ;H
(2), ..., H(n−1)) = Hℓn(M ; 0, ..., 0).
The universal Cauhy-Riemann operator ∂J(h¯, u, j,H) := ∂JH (h, u, j) extends
to a smooth setion in the Banah spae bundle Eˆ
p,d
→ Bp,d×Hℓ with bre
Eˆ
p,d
h¯,u,j,H = E
p,d
h¯,u,j
= Lp,d(Λ0,1 ⊗j,i C)⊕ L
p(Λ0,1 ⊗j,J u
∗TM).
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Letting JH
(2)
, ..., JH
(n−1)
denote the domain-dependent ylindrial almost om-
plex strutures on R×S1 ×M indued by J and H(2), ..., H(n−1), we dene the
universal moduli spae M(S1 ×M ;P+, P−; JH
(2)
, ..., JH
(n−1)
) as the zero set of
the universal Cauhy-Riemann operator,
M(S1 ×M ;P+, P−; (JH
(k)
)n−1k=2 ) =
{(h¯, u, j,H) ∈ Bp,d×Hℓ : ∂J(h¯, u, j,H) = 0}.
Theorem 4.1. For n ≥ 3 let H(2), ..., H(n−1) be xed. Then for any ho-
sen (P+, P−) with ♯P+ + ♯P− = n, the universal moduli spae M(S1 ×
M ;P+, P−; (JH
(k)
)n−1k=2 ) is transversally ut out by the universal Cauhy-Riemann
operator ∂J : B
p,d×Hℓ → Eˆ
p,d
for d > 0 suiently small. In partiular, it arries
the struture of a C∞-Banah manifold.
The proof relies on the following two lemmata.
Lemma 4.2. The operator ∂ : H1,p,dconst(S˙,C)→ L
p,d(Λ0,1 ⊗j,i C) is onto.
Proof: Fix a splitting
H1,p,dconst(S˙,C) = H
1,p,d(S˙,C)⊕ Γn
where Γn ⊂ C∞(S˙,C) is a 2n-dimensional spae of funtions storing the onstant
shifts (see [BM℄). Given a funtion ϕd : S˙ → R with (ϕd ◦ ψ
±
k )(s, t) = e
±d·s
,
multipliation with ϕd denes isomorphisms
H1,p,d(S˙,C)
∼=
−→ H1,p(S˙,C),
Lp,d(T ∗S˙ ⊗i,i C)
∼=
−→ Lp(T ∗S˙ ⊗i,i C),
under whih ∂ orresponds to a perturbed Cauhy-Riemann operator
∂d = ∂ + Sd : H
1,p(S˙,C)→ Lp(T ∗S˙ ⊗i,i C).
With the asymptoti behaviour of ϕd one omputes
S±,kd (t) = (Sd ◦ ψ
±
k )(±∞, t) = diag(∓d,∓d)
so that the Conley-Zehnder index for the orresponding paths Ψ±,k : R→ Sp(2m)
of sympleti matries is ∓1 for d > 0 suiently small. Hene the index of
∂ : H1,p,dconst(S˙,C)→ L
p,d(T ∗S˙ ⊗i,i C) is given by
ind ∂ = dimΓn + ind ∂d = 2n+
(
−n+ 1 · (2 − n)
)
= 2,
where the sum in the big braket is the usual index formula for Cauhy-Riemann
type operators. On the other hand, it follows from Liouville's theorem that the
kernel of ∂ onsists of the onstant funtions on S˙, so that dim coker∂ = 0. 
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Lemma 4.3. For n ≥ 3 the linearization Du,H of ∂J (u,H) = ∂J,H(u) is surjetive
at any (h¯, u, j,H) ∈M(S1 ×M ;P+, P−; (JH
(k)
)n−1k=2 ).
Proof: The operator Du,H is the sum of the linearization Du of the perturbed
Cauhy-Riemann operator ∂J,H and the linearization of ∂J in the Hℓ-diretion,
DH : THH
ℓ → Lp(Λ0,1 ⊗j,J u
∗TM),
DHG = X
G(j, z, u)⊗ dh02 + J(u)X
G(j, z, u)⊗ dh01 .
We show that Du,H is surjetive using well-known arguments. Sine Du is
Fredholm, the range of Du,H in L
p(Λ0,1 ⊗j,J u∗TM) is losed, and it sues to
prove that the annihilator of the range of Du,H is trivial.
We identify the dual spae of Lp(Λ0,1 ⊗j,J u∗TM) with Lq(Λ0,1 ⊗j,J u∗TM),
1/p+1/q = 1 using the L2-inner produt on setions in Λ0,1⊗j,J u∗TM , whih is
dened using the standard hyperboli metri on (S˙, j) and the metri ω(·, J ·) on
M .
Let η ∈ Eˆ
q,d
h¯,u,j,H = L
q,d(Λ0,1 ⊗j,i C)⊕ Lq(Λ0,1 ⊗j,J u∗TM) suh that
〈Du,H · (ξ,G), η〉 = 0
for all ξ ∈ H1,p(u∗TM) and G ∈ THH
ℓ
. Then surjetivity of Du,H is equivalent
to proving η ≡ 0.
From 〈Duξ, η〉 = 0 for all ξ ∈ H1,p(u∗TM), we get that η is a weak solution
of the perturbed Cauhy-Riemann equation D∗uη = 0, where D
∗
u is the adjoint of
Du. By ellipti regularity, it follows that η is smooth and hene a strong solution.
By unique ontinuation, whih is an immediate onsequene of the Carleman
similarity priniple, it follows that η ≡ 0 whenever η vanishes identially on an
open subset of S˙.
On the other hand we have
0 = 〈DHG, η〉 =
∫
S˙
〈J(u)XG(j, z, u)⊗ dh01 +X
G(j, z, u)⊗ dh02, η(z)〉 dz
=
∫
S˙
〈∇G(j, z, u)⊗ dh01 − J(u)∇G(j, z, u)⊗ dh
0
2, η(z)〉 dz
for all G ∈ THHℓ. When z ∈ S˙ is not a branh point of the map h0 : S˙ → R×S1,
observe that we an write
η(z) = η1(z)⊗ dh
0
1 + η2(z)⊗ dh
0
2
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with η2(z) + J(u)η1(z) = 0, sine η is a (0,1)-form. It follows that
〈∇G(j, z, u)⊗ dh01 − J(u)∇G(j, z, u)⊗ dh
0
2, η(z)〉
= 〈∇G(j, z, u)⊗ dh01 − J(u)∇G(j, z, u)⊗ dh
0
2, η1(z)⊗ dh
0
1 − J(u)η1(z)⊗ dh
0
2〉
= 〈∇G(j, z, u), η1(z)〉 · ‖dh
0
1‖
2 + 〈J(u)∇G(j, z, u), J(u)η1(z)〉 · ‖dh
0
2‖
2
= ‖dh0‖2 · 〈∇G(j, z, u), η1(z)〉 = ‖dh
0‖2 · dG(j, z, u) · η1(z),
where ‖dh0‖2 = ‖dh01‖
2 + ‖dh02‖
2
and dG(j, z, ·) denotes the dierential of
G(j, z, ·) :M → R.
With this we now prove that η vanishes identially on the omplement of the
set of branh points of h0, whih by unique ontinuation implies η = 0. Assume to
the ontrary that η(z0) 6= 0 for some z0 ∈ S˙, whih is not a branh point. Sine α
is a (0,1)-form it follows that η1(z0) 6= 0 and we obviously an nd G0 ∈ C∞(M)
suh that
dG0(u(z0)) · η1(z0) > 0.
Setting j0 := j, let ϕ ∈ C∞(M0,n+1, [0, 1]) be a smooth ut-o funtion around
(j0, z0) ∈ M0,n+1 with ϕ(j0, z0) = 1 and ϕ(j, z) = 0 for (j, z) 6∈ U(j0, z0). Here
the neighborhood (j0, z0) ∈ U1(j0) × U2(z0) = U(j0, z0) ⊂ M0,n+1 is hosen so
small that
U(j0, z0) ∩ (M0,n+1 −M0,n+1) = ∅, U2(z0) ∩N0 = ∅,
and dG0(z, u(z)) · η1(z) ≥ 0 for all z ∈ U2(z0).
With this dene G : M0,n+1 ×M → R by G(j, z, p) := ϕ(j, z) · G0(p). But
this leads to the desired ontradition sine we found G ∈ THHℓ = Hℓn(M ; 0, ..., 0)
with
〈DH ·G, η〉 =
∫
U2(z0)
‖dh0(z)‖2 · dG(j, z, u) · η1(z) dz > 0. 
Proof of theorem 4.1: For n ≥ 3 we must show that the linearization Dh¯,u,j,H of
the universal Cauhy-Riemann operator ∂J is surjetive at any
(h¯, u, j,H) ∈ M(S1 × M ;P+, P−; (JH
(k)
)n−1k=2 ). Using the splitting Dh¯,u,j,H =
Dh¯,u,H +Dj we show that the rst summand
Dh¯,u,H : H
1,p,d
const(S˙,C)⊕ Tu B
p(M ;P+, P−)⊕ THH
ℓ
→ Lp,d(Λ0,1 ⊗j,i C)⊕ L
p(Λ0,1 ⊗j,J u
∗TM)
is onto. However, sine
Dh¯,u,H = diag(∂,Du,H),
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this follows diretly from the surjetivity of ∂ and Du,H = Du +DH . 
The importane of the above theorem is that, ombined with lemma 2.5, we
obtain transversality for all moduli spaes of holomorphi urves in R×S1 ×M
asymptotially ylindrial over periodi orbits up to the given maximal period 2N .
Moreover we an ahieve that this holds for all maximal periods simultaneously.
Corollary 4.4. For n = 2 and T ≤ 2N the moduli spaes
M(S1 × M ; (x+, T ), (x−, T ); JH/2
N
) are transversally ut out by the Cauhy-
Riemann operator for all N ∈ N. For n ≥ 3 we an hoose H(n) ∈ Hℓ, simulta-
neously for all N ∈ N, so that the moduli spaes M(S1 ×M ;P+, P−; JH/2
N
) are
transversally ut out by the resulting Cauhy-Riemann operator for all P+, P− ⊂
P (H(2)/2N ,≤ 2N) with #P+ +#P− = n.
Proof: For n = 2 the linear operator
Dh¯,u = diag(∂,Du)
is surjetive sine Du is onto by lemma 2.5. Indeed, reall that we have hosen
the pair (H(2), J) to be regular in the sense that (H(2), ω(·, J ·)) is Morse-Smale,
whih implies that all pairs (H(2)/2N , J) for any N ∈ N are again regular, sine
the stable and unstable manifolds are the same.
For n ≥ 3 and N = 0 the Sard-Smale theorem applied to the map
M(S1 ×M ;P+, P−; (JH
(k)
)n−1k=2 )→ H
ℓ
n(M ; (H
(k))n−1k=2 ), (h¯, u, j,H) 7→ H
tells us that the set of Hamiltonian perturbations Hℓreg(P
+, P−) =
Hℓreg(P
+, P−, 0), for whih the moduli spae M(S1 × M ;P+, P−; JH) is
ut out transversally by the Cauhy-Riemann operator ∂JH , is of the se-
ond Baire ategory in Hℓ = Hℓn(M ; (H
(k))n−1k=2 ). Sine there exist just a
ountable number of tuples (P+, P−) with ♯P+ + ♯P− = n, it follows that
Hℓreg = H
ℓ
reg(0) =
⋂
{Hℓreg(P
+, P−, 0) : ♯P+ + ♯P− = n} is still of the seond
ategory.
Replaing H(2), ..., H(n−1) in the above argumentation by H(2)/2N , ...,
H(n−1)/2N for eah N ∈ N, we obtain sets of regular strutures Hℓreg(N),
for whih the moduli spaes M(S1 × M ;P+, P−; JH/2
N
) are ut out
transversally for all P+, P− ⊂ P (H(2)/2N ,≤ 2N ). However, it follows that
Hℓreg =
⋂
{Hℓreg(N) : N ∈ N} is still of the seond ategory in H
ℓ
. 
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5 Cobordism
Sine our statements only hold up to a maximal period for the asymptoti or-
bits, we annot use the same oherent Hamiltonian perturbation to ompute the
full ontat homology. As seen above we must resale the Hamiltonian for the
ylindrial moduli spaes, whih learly aets the Hamiltonian perturbations for
all puntured spheres. For showing that the graded vetor spae isomorphism we
obtain is atually an isomorphism of graded algebras, we onstrut hain maps
between the dierential algebras for the dierent oherent Hamiltonian perturba-
tions, whih are dened by ounting holomorphi urves in an almost omplex
manifold with ylindrial ends.
5.1 Moduli spaes
For a given Hamiltonian H : M → R let H˜ : R×M → R be a smooth homotopy
with H˜(s, ·) = H/2 for s ≤ −1 and H˜(s, ·) = H for s ≥ +1. Besides that H˜
denes a homotopy of stable Hamiltonian strutures (ωH˜ , λH˜) with orresponding
(onstant) sympleti hyperplane bundles ξH˜ = TM and R-dependent Reeb vetor
elds RH˜(s, t, p) = ∂t +X
H˜(s, t, p), it equips R×S1 ×M with the struture of a
sympleti manifold with stable ylindrial ends
((−∞,−1]× S1 ×M,ωH/2, λH/2) and ([+1,+∞)× S1 ×M,ωH , λH),
where the sympleti struture on the ompat, non-ylindrial part (−1,+1) ×
S1 ×M is given by
ωH˜ = ωH˜ + ds ∧ dt
with ωH˜ = ω + dH˜ ∧ dt.
Together with the xed ω-ompatible almost omplex struture J on M , the
homotopy H˜ further equips R×S1 ×M with an almost omplex struture JH˜ by
requiring that it turns ξH˜ = TM into a omplex subbundle with omplex struture
J and
JH˜ · ∂s = R
H˜(s, ·) = ∂t +X
H˜(s, ·).
It follows that (R×S1 ×M,JH˜) is an almost omplex manifold with ylindrial
ends ((−∞,−1]× S1 ×M,JH/2) and ([+1,+∞)× S1 ×M,JH). Note that JH˜ is
indeed ωH˜ -ompatible.
For our appliations we learly have to replae the Hamiltonian H : M → R
by the domain-dependent Hamiltonian perturbation H :
∐
nM0,n+1×M → R
from before. It follows that the Hamiltonian homotopy H˜ has to depend expliitly
on points on the underlying stable puntured spheres, i.e., for the following we
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onsider oherent Hamiltonian homotopies
H˜ :
∐
n
M0,n+1×R×M → R,
with orresponding domain-dependent almost omplex strutures
JH˜ :
∐
n
M0,n+1 → J (S
1 ×M).
While it is again lear that the moduli spaes of JH˜ -holomorphi urves
with more than two puntures ome with an S1-symmetry, it remains to
verify nondegeneray for the asymptoti orbits and transversality for the
urves. Note for the rst that we again have to onsider resaled ver-
sions H˜N :
∐
nM0,n+1×R×M → R with H˜N (s) = H˜(s/2
N)/2N . Sine
H˜N (s) = H/2
N+1
for s ≤ −2N and H˜N (s) = H/2N for s ≥ +2N , it is lear
that the nondegeneray holds for all asymptoti orbits of period less or equal to 2N .
While we show below that we an again ahieve transversality for all JH˜ -
holomorphi urves with more than three puntures making use of the domain-
dependeny of the almost omplex struture, it remains to guarantee transversality
for JH˜ -holomorphi ylinders. Note that in analogy to proposition 2.4 it follows
that all JH˜N -holomorphi ylinders onneting orbits (x
+, T ) and (x−, T ) with T ≤
2N are in natural orrespondene to ylinders in M onneting the ritial points
x+, x−, whih satisfy the R-dependent perturbed Cauhy-Riemann equation
∂J,Hu · ∂s = ∂su+ J(u) · (∂tu+ T ·X
H˜(Ts, u)) = 0.
While in general transversality generially only holds for t-dependent Hamiltonian
homotopies H˜, we an now make use of the following natural generalization of
lemma 2.5.
Lemma 5.1. Let (H, J) be a pair of a Hamiltonian H and an almost om-
plex struture J on a losed sympleti manifold with 〈[ω], π2(M)〉 = 0 so that
(H,ω(·, J ·)) is Morse-Smale. Choose ϕ ∈ C∞(R,R+) with ϕ(s) = 1/2 for s ≤ −1
and ϕ(s) = 1 for s ≥ 1, and let H˜ : R×M → R, H˜(s, p) = ϕ(s) ·H(p). Then the
following holds:
• The linearization F˜u of ∇J,H˜u = ∂su + J(u)X
H˜(s, u) is surjetive at all
solutions.
• If τ > 0 is suiently small, all nite energy solutions u : R×S1 → M of
∂J,H˜τu = ∂su + J(u)(∂tu + X
Hτ (s, u)) = 0 with H˜τ (s, ·) = τH˜(τs, ·) are
independent of t ∈ S1.
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• In this ase, the linearization D˜u = D˜τu of ∂J,H˜τ is onto at any solution
u : R×S1 →M .
Proof: The proof is a simple generalization of the arguments given in [SZ℄ and we
just show the rst statement. Let ϕ˜ : R→ R+ with ∂sϕ˜ = ϕ. Then u˜(s) = u(ϕ˜(s))
satises ∇J,H˜ u˜ = 0 whenever u : R→M is a solution of ∇J,Hu = 0, sine
∂su˜+∇H˜(s, u˜) = ∂sϕ˜(s) · ∂su+ ϕ(s) · ∇H(u) .
For η˜ ∈ Lp(u˜∗TM) we nd η ∈ Lp(u∗TM) so that η˜(s) = η(ϕ˜(s)). Assuming
that 〈Fu˜ξ˜, η˜〉 = 0 for all ξ˜ ∈ H1,p(u˜∗TM), it follows that 〈Fuξ, η〉 = 0 for
all ξ ∈ H1,p(u∗TM) by identifying ξ˜(s) = ξ(ϕ˜(s)), where F˜u˜, Fu denote the
linearizations of ∇J,H˜ , ∇J,H at u˜, u, respetively. The regularity of (H, J)
provides us with the surjetivity of Fu at any solution u : R → M , so that η and
therefore η˜ must vanish. 
With the xed Hamiltonian H(2) : M → R for the ylinders we hoose the
Hamiltonian homotopy for the ylinders H˜(2) : R×M → R to be
H˜(2)(s, p) = ϕ(s) ·H(2)(p),
so that H˜(2)(s, ·) = H(2)/2 for s ≤ −1 and H˜(2)(s, ·) = H(2). After possibly
resaling H(2), we an and will assume that both lemma 2.5 and lemma 5.1 hold
with τ = 1 for the xed J and the hosen H(2), H˜(2), respetively.
Before we prove transversality in the next subsetion, let us state the following
analogue of theorem 2.6. Denote by JH˜N the domain-dependent almost omplex
struture on R×S1 ×M indued by H˜N .
Theorem 5.2. Depending on the number of puntures n we have the following
result about the moduli spaes of JH˜N -holomorphi urves in R×S
1 ×M :
• n = 0: All holomorphi spheres are onstant.
• n = 1: Holomorphi planes do not exist.
• n = 2: For T ≤ 2N the automorphism group Aut(CP1) ats on the
parametrized moduli spae M0(S1×M, (x+, T ), (x−, T ), JH˜N ) of holomorphi
ylinders with onstant nite isotropy group ZT and the quotient an be nat-
urally identied with the spae of gradient ow lines of H(2) with respet to
the metri ω(·, J ·) on M between the ritial points x+ and x− of H(2). In
partiular, we have
♯M(R×S1 ×M ; (x+, T ), (x−, T ); JH˜N ) = δx−,x+
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sine the zero-dimensional omponents are empty for x+ 6= x− and just
ontain the onstant path for x+ = x−.
• n ≥ 3: For P+ ⊂ P (H(2)/2N ,≤ 2N ) and P− ⊂ P (H(2)/2N+1,≤ 2N ) the
ation of Aut(CP1) on the parametrized moduli spae is free. There remains
a free S1-ation on the moduli spae, where the quotient is given by
{(s0, u, z) : s0 ∈ R, u : CP
1 − {z} →M : (∗1), (∗2)}/Aut(CP1)
with
(∗1) : du+XH˜Nz (z, h
0
1 + s0, u)⊗ dh
0
2
+J(u) · (du+XH˜Nz (z, h
0
1 + s0, u)⊗ dh
0
2) · i = 0 ,
(∗2) : u ◦ ψ±k (s, t)
s→±∞
−→ x±k .
Proof: The proof is ompletely analogous to the one of theorem 2.6. Note that
it follows by lemma 2.3 that h : CP1 − {z} → R×S1 an be identied with
(s0, t0) ∈ R×S1 and that the map u now satises an s0-dependent perturbed
Cauhy-Riemann equation. For n = 2 observe that by lemma 4.1 we an identify
M(S1 × M ; (x+, T ), (x−, T ); JH˜N ) with the spae of all u : R → M satisfying
∇J,H˜(2)u = 0, u(s, t) → x
±
, whih following the proof of lemma 4.1 an be
identied with the spae of u˜(s) = u(ϕ˜(s)) satisfying ∇J,H(2)u = 0. 
5.2 Transversality
For the remaining part of this setion we disuss transversality, where we again
restrit ourselves to the ase N = 0.
Sine ∂JH˜ (h, u) = (∂h, ∂J,H˜,s0u) with
∂J,H˜,s0u = du+X
H˜(j, z, h01 + s0, u)⊗ dh
0
2
+ J(u) · (du+XH˜(j, z, h01 + s0, u)⊗ dh
0
2) · i,
where XH˜(j, z, s, u) denotes the sympleti gradient of H˜(j, z, s, ·) : M → R, it
follows that the linearization Dh,u of ∂JH˜ is again of diagonal form.
It follows that for n = 2 we get transversality from lemma 4.2 and lemma 5.1
by the speial hoie of H˜(2).
For n ≥ 3 let us desribe the setup for the underlying universal Fredholm problem.
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As before the Cauhy-Riemann operator extends to a C∞-setion in a Ba-
nah spae bundle E˜
p,d
→ Bp,d×H˜ℓ. Here Bp,d = Bp,d(R×S1 × M ;P+, P−)
denotes the manifold of maps from setion 5, whih is given by the produt
Bp,d(R×S1 ×M ; (x±k , T
±
k )) = H
1,p,d
const(S˙,C)× B
p(M ; (x±k ))×M0,n ,
while the set of oherent Hamiltonian perturbations Hℓn(M ; (H
(k))n−1k=2 ) is now
replaed by the set of oherent Hamiltonian homotopies
H˜ℓ = H˜ℓn(M ;H ; (H˜
(k))n−1k=2 )
for xed oherent Hamiltonian H :
∐
nMn+1×M → R and H˜
(2), ..., H˜(n−1).
Any H˜(n) ∈ H˜ℓ is a Cℓ-map
H˜(n) :M0,n+1×R×M → R,
whih extends to a Cℓ-map on M0,n+1 × R×M , so that
• on
(
(M0,n+1 −M0,n+1) ∪ (M0,n×N0)
)
× R×M it is given by
H˜(2), ..., H˜(n−1),
• H˜(n) = H(n)/2 on M0,n+1×(−∞,−2N)×M ,
• and H˜(n) = H(n) on M0,n+1×(+2N ,+∞)×M ,
where N0 ⊂ S˙ again denotes the xed neighborhood of the puntures. It follows
that the tangent spae at H˜ = H˜(n) ∈ H˜ℓ is given by
TH˜H˜
ℓ
n = H˜
ℓ
n(M ; 0; (0)
n−1
k=2 ).
Sine the linearization of ∂
JH˜
at (h¯, u, j, H˜) ∈ Bp,d×H˜ℓ is again of diagonal
form,
Dh¯,u,j,H˜ = Dj + diag(∂,Du,H˜).
TjM0,n⊕H
1,p,d
const(S˙,R
2)⊕H1,p(u∗TM)⊕ TH˜H˜
ℓ
→ Lp,d(T ∗S˙ ⊗j,i R
2)⊕ Lp(Λ0,1 ⊗j,J u
∗TM)
it remains by lemma 4.2 to prove surjetivity of Du,H˜ , whih is the linearization
of the perturbed Cauhy-Riemann operator ∂J,s0(u, H˜) = ∂J,H˜,s0(u). Sine the
proof is in the entral arguments ompletely similar to lemma 4.3, we just sketh
the main points.
Assume for some η ∈ Lq(Λ0,1 ⊗j,J u∗TM) that 〈Du,H˜(ξ, G˜), η〉 = 0 for all
(ξ, G˜) ∈ H1,p(u∗TM) ⊕ TH˜H˜
ℓ
, where again 1/p + 1/q = 1. From 〈η,Duξ〉 = 0
for all ξ we already know that it sues to show that η vanishes on an open and
dense subset.
5.2 Transversality 35
Now observe that it follows from the same arguments used to prove lemma 4.3
that
0 = 〈DH˜G˜, η〉 =
∫
S˙−B
‖dh01(z)‖
2 · dG˜(j, z, h10(z) + s0, u(z)) · η1(z) dz
for all G˜ ∈ TH˜H˜
ℓ
, where B is the set of branh points of h0 : S˙ → R×S1,
we again write η(z) = η1(z) ⊗ dh
0
1 + η2(z) ⊗ dh
0
2 with η2(z) + J(u)η1(z) = 0
for z ∈ S˙ − B and where dG˜(j, z, h10(z) + s0, ·) denotes the dierential of
G˜(j, z, h10(z) + s0, ·) : M → R. But with this we an prove as before that η
vanishes identially on the open and dense subset S˙ −B.
Assume to the ontrary that η(z0) 6= 0, i.e., η1(z0) 6= 0 for some z0 ∈ S˙ − B.
As in the proof of lemma 4.3 we nd G0 ∈ C∞(M) so that
dG0(u(z0)) · η1(z0) > 0.
Setting j0 := j, we organize all xed maps h0 : S˙ → R×S1 for dierent
j on S˙ into a map h0 : M0,n+1 → R×S1. Let ϕ˜ ∈ C∞(M0,n+1 × R, [0, 1])
be a smooth ut-o funtion around (j0, z0, h
1
0(j0, z0) + s0) ∈ M0,n+1×R with
ϕ(j0, z0, h
1
0(j0, z0)+ s0) = 1 and ϕ(j, z, h
1
0(j, z) + s) = 0 for (j, z, s) 6∈ U(j0, z0, s0).
Here the neighborhood U(j0, z0, s0) ⊂M0,n+1 × R is hosen so small that
U(j0, z0, s0) ∩
((
(M0,n+1 −M0,n+1) ∪ (M0,n+1×N0)
)
× R
)
= ∅,
U(j0, z0, s0) ∩
(
M0,n+1 ×
(
(−∞,−1) ∪ (+1,+∞)
))
= ∅,
and dG0(z, u(z)) · η1(z) ≥ 0 for all (z, j, h10(j, z) + s) ∈ U(j0, z0, s0).
Dening G˜ : M0,n+1 × R×M → R by G˜(j, z, s, p) := ϕ(j, z, s) · G0(p), this
leads to the desired ontradition sine we found G˜ ∈ TH˜H˜
ℓ = H˜ℓn(M ; 0; 0, ..., 0)
with
〈DH˜ · G˜, η〉 =
∫
S˙−B
‖dh01(z)‖
2 · dG˜(j0, z, h
1
0(j0, z) + s0, u(z)) · η1(z) dz > 0.
We have shown that the universal moduli spae M(R×S1 ×
M ;P+, P−; JH ; (JH˜,(k))n−1k=2 ) is again transversally ut out by the Cauhy-
Riemann operator ∂J . Further it follows by the same arguments as in
setion 4 that we an hoose a (smooth) oherent Hamiltonian homotopy
H˜ :
∐
nM0,n+1×R → C
∞(M) suh that for all N ∈ N and P+, P− the
moduli spaes M(R×S1 × M ;P+, P−; JH˜N ) are transversally ut out by the
Cauhy-Riemann operator.
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6 Contat homology
6.1 Chain omplex
The ontat homology of S1×M equipped with the stable Hamiltonian struture
(ωH , λH) is dened as the homology of a dierential graded algebra (A, ∂), whih
is generated by losed orbits of the Reeb vetor eld RH and whose dierential
ounts JH -holomorphi urves with one positive punture. As in [EGH℄ we start
with assigning to any (x, T ) ∈ P (H), whih is good in the sense of [BM℄, a graded
variable q(x,T ) with
deg q(x,T ) = dimM/2− 2 + µCZ(x, T ).
Here µCZ denotes the Conley-Zehnder index for (x, T ), whih is dened as in [EGH℄
after xing a basis for H1(S
1 ×M) and hoosing a spanning surfae between the
orbit (x, T ) and suitable linear ombinations of these basis elements. Note that in
the orresponding denition in [EGH℄ one addsm−3, wherem denotes the omplex
dimension of R×S1×M . Further we assume, as in [EGH℄, that H1(S1 ×M) and
hene H1(M) is torsion-free, where we use that the torsion-freedom of H∗(S
1) also
yields the Kuenneth formula for H∗(S
1 ×M). Let
Q[H2(S
1 ×M)] = {
∑
q(A)eA : A ∈ H2(S
1 ×M), q(A) ∈ Q}
be the group algebra generated by H2(S
1 ×M) ∼= H2(M) ⊕ (H1(S1) ⊗ H1(M))
with grading given by
deg eA = 〈c1(TM), A〉.
Sine c1(TM) learly vanishes on H1(S
1) ⊗ H1(M) we an and will work with
the redued group ring Q[H2(M)]. With this let A∗ be the graded ommutative
algebra of polynomials in the formal variables q(x,T ) assigned to good periodi
orbits with oeients in Q[H2(M)]. Let C∗ be the vetor spae over Q freely
generated by the graded variables q(x,T ), whih naturally splits, C∗ =
⊕
T C
T
∗
with CT∗ generated by the good orbits of integer period T . Sine C∗ is graded, we
an dene a graded symmetri algebra (C∗) and it follows that
A∗ = (C∗)⊗Q[H2(M)].
For the following we assume that all ouring periodi orbits are good. Note
that to any holomorphi urve inM(S1×M ;P+, P−; JH) we assign as in [EGH℄ a
homology lass A ∈ H2(S1×M) after xing a basis for H1(S1×M) and hoosing
spanning surfaes between the asymptoti orbits in P+, P− ⊂ P (H) and suitable
linear ombinations of these basis elements. Requiring that the dierential ∂ :
A→ A satises a graded Leibniz rule, it is dened by (see [EGH℄,p.621)
∂q(x0,T0) =
∑
P−,A
♯MA(S
1 ×M ;P+, P−; JH)/R q(x−1 ,T
−
1 )
...q(x−n ,T−n ) e
A,
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where MA(S1 × M ;P+, P−; J
H) denotes the one-dimensional omponent
of the moduli spae of holomorphi urves with P+ = {(x0, T0)} but
arbitary orbit set P− = {(x−1 , T
−
1 ), ..., (x
−
n , T
−
n )} representing the lass
A ∈ H2(M) ∼= H2(S1 ×M)/(H1(S1)⊗H1(M)).
For (T1, ..., Tn) ∈ N
n
let A
(T1,...,Tn)
denote the subspae of A spanned by mono-
mials q(x1,T1) ... q(xn,Tn),
A
(T1,...,Tn) = (T1,...,Tn)(C∗)⊗Q[H2(M)]
with
(T1,...,Tn)(C∗) = (C
T1
∗ ⊗ ...⊗ C
Tn
∗ ),
where denotes the projetion from the tensor to the symmetri algebra, in
partiular, A
(T1,...,Tn)
does not depend on the ordering of the T1, ..., Tn. Sine
♯M(S1 × M ;P+, P−; JH)/R = 0 for T−1 + ... + T
−
n 6= Tk by lemma 1.1.3, it
follows that the dierential ∂ respets the splitting
A =
⊕
T∈N
A
T ,
where A
T =
⊕
T1+...+Tn=T
A
(T1,...,Tn)
.
6.2 Proof of the main theorem
In what follows we use our results about holomorphi urves in R×S1 ×M to
prove the main theorem. At rst we ompute H∗(A
≤2N , ∂) =
⊕
T≤2N H∗(A
T , ∂)
using our results about moduli spaes of holomorphi urves in R×S1 × M in
theorem 2.6 together with the transversality results.
With the xed almost omplex struture J onM let H :
∐
M0,n+1 → C∞(M)
be a oherent Hamiltonian perturbation as before, in partiular, H(2) satises
lemma 2.5 with τ = 1. Following orollary 4.4 we further assume that H is hosen
suh that transversality holds for all moduli spaes M(S1 ×M ;P+, P−; JH/2
N
),
P± ⊂ P (H(2)/2N ,≤ 2N ), simultaneously for all N ∈ N. Together with theorem
2.6 it then follows that for dening the algebrai invariants we only have to
ount gradient ow lines of the funtion H(2) on M with respet to the metri
gJ = ω(·, J ·) on M . For N ∈ N let (AN , ∂N ) denote the dierential algebra for
the domain-dependent Hamiltonian H/2N :
∐
M0,n+1 → C∞(M) and the xed
almost omplex struture J on M . For the omputation of the ontat homology
subomplex we use speial hoies for the basis elements in H1(S
1 ×M) and the
spanning surfaes as follows: Choose a basis for H1(S
1 ×M) = H1(S
1)⊕H1(M)
ontaining the anonial basis element [S1] of H1(S
1), whih is represented by the
irle (x∗, 1) : S1 → S1 ×M , t 7→ (t, x∗) for some point x∗ ∈M . For any periodi
orbit (x, T ) ∈ P (H(2)/2N ,≤ 2N ) we have [(x, T )] = T [S1] ∈ H1(S1 ×M), sine
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x is a onstant orbit in M , and we naturally speify a spanning surfae S(x,T )
between (x, T ) and the T -fold over of (x∗, 1) by hoosing a path γx : [0, 1]→ M
from x∗ to x and setting S(x,T ) : S
1 × [0, 1]→ S1 ×M , S(x,T )(t, r) = (T t, γx(r)).
Lemma 6.1. Let HM∗ = HM∗(M,−H(2), gJ ;Q) denote the Morse homology
for the Morse funtion −H(2) and the metri gJ = ω(·, J ·) on M with rational
oeients. Then we have
H∗(A
≤2N
N , ∂N ) =
≤2N (
⊕
N
HM∗−2)⊗Q[H2(M)] ,
where
≤2N (
⊕
N
HM∗−2) =
⊕
T1+...+Tn≤2N
(T1,...,Tn)(
⊕
N
HM∗−2).
Proof: For the grading of the q-variables we have
deg q(x,T ) = dimM/2− 2 + µCZ(x, T ) = ind−H(x) − 2,
when we hoose a anonial trivialization of TM over (x∗, 1) and extend it over
the spanning surfaes to a anonial trivialization over (x, T ), i.e., the map Θ :
S1 × R2m → x∗TM = S1 × TxM is independent of S1. It follows that CT∗ agrees
with the hain group CM∗−2 for the Morse homology for T ≤ 2N and therefore
A
≤2N
N =
≤2N (
⊕
N
CM∗−2)⊗Q[H2(M)] .
Here it is important to observe that any (x, T ) ∈ P (H(2)/2N ,≤ 2N ) is indeed good
in the sense of [BM℄: note that it follows from µCZ(x, T ) = ind−H(x) − dimM/2
that µCZ(x, T ) has the same parity for all T ≤ 2N .
On the other hand it follows from theorem 2.6 that the dierential ∂ : A→ A
indeed agrees with the dierential in Morse homology. Further it follows from
the above hoie of spanning surfaes that they all represent the trivial lass A ∈
H2(M) = H2(S
1 ×M)/(H1(S1)⊗H1(M)): Indeed, letting u denote the gradient
ow line between x0 and x it follows that u represents the lass A = T [S
1] ⊗
[γx0♯u♯−γx] ∈ H1(S
1)⊗H1(M). Using the theorem of Kuenneth we hene in fat
have
H∗(A
(T1,...,Tn)
N , ∂) = H∗(
(T1,...,Tn)(
⊕
N
CM∗−2)⊗Q[H2(M)], ∂)
= (T1,...,Tn)(H∗(
⊕
N
CM∗−2, ∂
Morse))
)
⊗Q[H2(M)]
= (T1,...,Tn)
(⊕
N
HM∗−2
)
⊗Q[H2(M)]
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and the laim follows. 
With this we an now omplete the proof of the main theorem by using
theorem 5.2 and the transversality result of setion ve.
To this end hoose a oherent Hamiltonian homotopy H˜ :
∐
nM0,n+1×R →
C∞(M) as in setion ve, i.e., with H˜(j, z, s, p) = H(j, z, p)/2 for small s and
H˜(j, z, s, p) = H(j, z, p) for large s suh that for all N ∈ N and P+, P− the
moduli spaes M(R×S1 × M ;P+, P−; JH˜N ) are transversally ut out. Let J
H˜
N
denotes the oherent non-ylindrial almost omplex struture on R×S1 × M
indued by J and H˜/2N .
Let ΨN : (AN , ∂N ) → (AN+1, ∂N+1) be the hain homotopy, dened as
in [EGH℄, by ounting holomorphi urves with one positive punture and an
arbitrary number of negative puntures in the resulting almost omplex manifold
(R×S1 ×M,JH˜N ) with ylindrial ends. Then it follows from theorem 5.2 that
the restrition ΨTN : (A
T
N , ∂N ) → (A
T
N+1, ∂N+1) is the identity for T ≤ 2
N
,
sine again all urves with three or more puntures ome in S1-families and all
zero-dimensional ylindrial moduli spaes just onsist of trivial gradient ow lines.
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